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1. INTRODUCTION 

The notion of L-fuzzy ideal of a ring is introduced in [1], which is related to the notion of fuzzy ideals 
over a ring in [2]. In 2008, Kazanci and Davvaz [3] applied the concept of fuzzy prime (primary) ideals to the 
theory of rough prime (primary) ideals. In 2012, Navarro et al. [4] introduced and studied the concept of prime 
fuzzy ideals over a non commutative ring. In 2016, Darani and Ghasemi [5] defined L-fuzzy 2-absorbing ideals 
of a commutative ring. In 2017, Sonmez et al. [6] introduced the notion of 2-absorbing fuzzy ideals and 2- 
absorbing primary fuzzy ideals of a commutative ring. In 2019, Yiarayong [7] gave a complete characterization 
of fuzzy quasi-prime and weakly fuzzy quasi-prime ideals. In 2020, Asif et al. [8] explored the concept of 
picture fuzzy near-rings (PFNRs) and picture fuzzy ideals (PFIs) of a near-ring (NR). In 2021, Ali and 
Mohammed [9] introduced and examined the notion of hesitant fuzzy and hesitant fuzzy prime ideals of a ring. 
Fuzzy sets of a ring have been studied in various algebraic structures, see [10]-[29]. 

Now in this paper we introduced and study picture fuzzy sets as generalization of a commutative ring 
as well as fuzzy sets. We introduce the notions of picture fuzzy ideals on commutative rings and some 
properties of them are obtained. Finally, we give suitable definitions of the operations of picture fuzzy ideals 
over a commutative ring, as composition, product and intersection. 


2. PICTURE FUZZY IDEALS 
In this section, we concentrate our study on the picture fuzzy ideals and investigate their 
fundamental properties. 
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Let A = (uana, Va) and B = (ug, Ng, Vg) be any picture fuzzy sets over a commutative ring R. 

Then A is called a subset of B denoted by A © B if uy < Up, n4 = Np and v; = vp. 
Definition 2.1 Let A = (u4, na: V4) and B = (upg, Ng, Vg) be any picture fuzzy sets over a commutative ring 
R. 
1. The intersection of two picture fuzzy sets A and B is defined as the picture fuzzy set 

ANB = (Ua ^ Hg, Na V Np Va V YB). 
2. The union of two picture fuzzy sets A and B is defined as the picture fuzzy set 

ANB = (u4 V Hga ^ Np, Va A Yp). 
We now consider another generalized fuzzy ideal which is called a picture fuzzy ideal of a commutative ring 
R. 
Definition 2.2 A picture fuzzy set A = (u4, N4 V4) of a commutative ring R is called a picture fuzzy ideal of 
R if 
1. A(xy) 2 A(x) U A(y) for all x,y E R, 
2. A(x — y) 2 A(x) N A(y) for all x,y E R. 
Remark 2.3 Condition (2) of the above definition is equivalent to A(x + y) 2 A(x) N Ay) and 
A(—x) = A(x) for all x,y E R. 
We now present the following example satisfying above definition. 


Example 2.4 Let R = Z,. Define the picture fuzzy set A = (u4 Na, Va) as follows: 


0 08 01 O.1 
1 0.2 04 04 
2 03 02 0.2 
3 0.2 04 04 
4 03 02 02 
5 0.2 04 04 


Then, clearly A = (u4, 14, V4) is a picture fuzzy ideal over a commutative ring R. 
Let A = (ua Na Va) and B = (ug, Ng, Vg) be any picture fuzzy sets over a commutative ring R. 
Define AOB = (u; ® Ug, N4 Q Ng, Va ® Vp) is defined by 


U uay) AuUp(Z) ;3y,z E S,such that x =y +z 
(ua © Up )() = 4 154z 


0 ; otherwise, 


naO) Vng(z) ;Ay,z E S,such that x = y +z 
(Ma BNE) = t ayaz 


1 ; otherwise, 


and 


N NaQ) Vng(z) ;3y,z E S,such that x = y +z 
(vy DVE) =4 4b 


1 ; otherwise. 


Theorem 2.5 Let A = (4,4, Va), B = (Ug, Ng, Vg) and C = (uc, Nc, Vc) be any picture fuzzy ideals over a 
commutative ring R. Then the following properties hold. 

1. A(x) < A(0) for all x € R. 

2. AOA = A. 

3. AOA = BOA. 

4. (A@B)OC = A0 (BOC). 

5. A00 = A where 0 = (0+, 07, 07) is a picture fuzzy set over R, defined by, 


_ ((1,0,0);x = 0 
O= ane #0. 


6. If A © B, then AOC € BOC. 
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Proof. 1. Let x be an element of R. Then we have u4(0) = wy(x — x) > ug(x) A u(x) = a(x) and 
na(0) = nax — x) < n4(x) V nax) = n4 (x). Similarly, we check that v,(0) < v,(x). Therefore 
A(x) < A(0) for all x E R. 

2. Let a be an element of R. By (1), we have (u4 ® Hy)(@) = Ua=x+y Ha) A Maly) 2 Ha(@) A 
Ha(O) = Hala) and (74 ® 14)(@) = Na=x+y Na) V na Cx) < na(a@). Similarly, we check that 
(v, ® v4)(a) < v4(a). Therefore A E AGA. On the other hand, let a be an element of R. Then 
(Ma © Ha) (a) = Ua=x+y Ha) A Lay) = Ua=x+y Ha) A La(-y) < Ua=x+y Hale T y) = 
Ha(a@) and (na (2) na)(a) > Na=x+y na(x) V Na O) = Na=x+y na(x) V na(—y) < Na=x+y na (x E 
y) = n4(a). It can be similarly proved that (v; ® v4) (a) < v4(a). Therefore AOA = A. 

3-4. The proof is easy. 

5. Let x be an element of R. Then we have 
(0* Ð uaa) = Ua=x+y 0* (x) A ua) 

< Ua=0+a 0* (0) A Ha (a) 
= Ua=o+a 1 Aba (a) 
= Ua=0+a ua (a) 
uala) 
and (O° ® na)(@) = Na=x+y 0 x) V N14) = Na). Similarly we can prove 
(07 @ v4)(a) = v; (a). Therefore A00 = A. 
6. The proof is easy. 


3. OPERATIONS ON PICTURE FUZZY IDEALS 

In this section, we give suitable definitions of the operations of picture fuzzy ideals over a 
commutative ring R, as composition, product and intersection. Moreover, we obtain basic properties of such 
picture fuzzy ideals. 

Let A = (ua, Na V4) and B = (Ug,Ng,Vg) be any picture fuzzy sets over a ring R. Define the 
composition A © B = (u4 ° Ug, Na ° Ng, Va ° Vg) and product AB = (u; * Ug, 4Np, VaVp), respectively as 
follows: 


J ua(y) Aug(z) 3 Ay,z E S, such that x = yz 
(ua ° He) (x) = ) 455z 
0 ; otherwise, 


N naO) Vng(z) ;3y,z E S,such that x = yz 
Oa nA =} toh 


1 ; otherwise, 


N naO) Vng(z) ;3y,z E S,such that x = yz 
(v4 eve) = 4.) 


1 ; otherwise 
and 
n 
RRE E U A Hai) A f Mp (Z; ) ; Iyi Zi E S, such that x = > YiZi 
Ha ° Ug = Hast yizi \i= TET 
0 ; otherwise, 
n 
GS (U Nai) V U Np (Z;j ) ; Iy; Z; € S,such that x = Yo Zi 
AIB, aN 1ViZi SY i=1 
1 ; otherwise, 
n n 
Gee Loon v J Vg «| ; Iyi, zi E€ S,such that x = > Vi Zi 
ALE E aa 1 i=1 iza 
1 ; otherwise. 
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Theorem 3.1 Let A = (14,4, Va), B = (ug, Ng, Vg) and C = (uc, Nc, Vc) be any picture fuzzy ideals over a 
commutative ring R. Then the following properties hold. 
1IfASB,thenCOASCOB. 
2.If AS B, then CA € CB. 
3.C © (AOB) E€ (CO A)O(C OB). 
4. C(AOB) © (CA)O(CB). 
5.C OA GB if and only if CA S B. 
6.BOAEA. 
7. If R is a ring with identity, then R O A = A. 
Proof. 1. Let x be an element of R. Then (uc ° u4)(x) = Uxean Uc (a) A Mad) < Uxean Mc (a) A Up (bd) = 
(Hc ° Mp) (x) and (ne * na) Œ) = Nx=av Nc(M V Nab) S Nx=av Nc (@ V nelb) = (Ne * Ne) C). 
Similarly, it can be seen that (vç ° v4)(x) < (vc ® Vg) (x). Therefore C OQA SCOB. 
2. The proof is easy. 
3. Let x be an element of R. Then we have 


(uc ° (u4 Ð Mp))(X) = Uxaan Mc (a) A (Ug ® Mp) (db) 


= | Juaj |] amo 
x=ab b=y+z 
= Ux=ay+az(uc(a) A Ha (y)) A (uc (a) A HB (z)) 
< Wiens Wayans uchr) A ua(s)) A (Uaz=tu Uc(t) A Upg (u)) 
= Uxactalc ° Ha) (C) A (uc ° He) (d) 
= (Cuc o u4) ® (uc e Lp)) (x) 
and 
(nc * (n4 Q ne) (X) = Nx=an Nc(@) V (na 8 12) (d) 
= Nx=ab nc(a) V (Nb=y+z na) V Ng (z)) 
= Nx=ay+az(Nc(a) V Na (y)) V (nc(a) V Ng (z)) 
2 Mesayiazl Mayers nc(r) V Na (s)) V (Naz=tu nc(t) V Ng (u)) 
= () Gee mdOv Cic em 


x=c+d 


= (c 1) 8 c° ng) ) (x). 
Similarly, we obtain that (ve ev, 8 Vp)) (x) = (we ev) 8 Mc” Vp)) (x). Hence we conclude that C © 
(40B) € (C © 4)0 (C OB). 
4-5. The proof is easy. 
6. Let x be an element of R. Then we have (up ° ua)(x) = Ux=ap Ug (a) A ua (b) < Ux=ap UACA) A 


Hab) < Ux=ap Ha(@b) = u4 (x) and 
(7, °, )(x) = N 1g (a) Va (b) 2 N 14 (a) Va (b) 2 Nx=apNa(ab) = na(x). 
x=ab x=ab 


Similarly we can show that (vg ° v4)(x) = (v4) (x). Therefore BO ACA. 
7. The proof is easy. 
Next, we develop some basic properties of the operations N and ©. 
Theorem 3.2 Let A = (u4, Na, Va) and B = (ug, Ng, Vg) be any picture fuzzy ideals over a commutative ring 
R. Then the following properties hold. 
1. A A B isa picture fuzzy ideal over R. 
2. AOB is a picture fuzzy ideal over R. 
Proof. 1. Let x and y be any elements of R. Then we have 
(ua ^ ug)(xy) = Mary) A Up (xy) 
= (u, Abe )(X) V Ua A UB), 
(na V Ne) (xy) = nay) V ng (xy) 
< (na V ned) A Ma V ne) O), 
(Ma A ug)(x — y)= H4 (x — y) A ug(x - y) 
> (Ug ^ Up )(X) A (H4 ^ uB)O) 
and (na V ne) — y) = na(x — y) Ving — y) 
< (na V ne)(x) V (na V nB) O). 
Similarly, it can be similarly proved that (v4 V vg)(xy) < (va V vg) (x) A (va V vg)(y) and (v4 V 
vg)(x — y) < (va V vg) (x) V (va V vg) (y). Thus we have A N B is a picture fuzzy ideal over R. 
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2. Let x and y be any elements of R. Then we have 
(ua ® Up) (x — y) = Ux-y=a+b Ha(@) A Up(b) 
2 Ux=a,+a9,y=b, +b) Hala, Te b,) A Up (az = b2) 


>| |] madarma jaf (] mau) 
x=đ1 +42 y=bı+b2 
= (Ma B Mp )(X) A (ua ® ue) O) 
(na @ na) — y) = Nx-y=a+b Na(@) V Ng (b) 
Nx=a; +a2,y=b1+b2 nala ~ bı) Vg (az ~ b2) 
(Misata Na(Q1) V Ng (a2)) V (Geers Na(b,) V ng (b2)) 
= (na 8 ng) (X) V (na B ng) O) 
(ua ® ug) (xy) = Uxy=ap Ha(@) A Hp (b) 
2 Uy=a,4a, (ua(x) A Up (y)) V (ua (a) A Up (az)) 
= (u, @ Ug) (x) V Ua B Ua) O) 
(na ® Np) (xy) = Nxy=atb nala) Vg (b) 
< Ny=a,4a, (na (x) Vg (y)) A (nala) Vg (a2)) 
= (na B ne) &Œ) A (na ® ne) O). 
Similarly we can see that (v; ® vg)(x — y) < v, ® vg)(X) V va ® vg)(y) and (v4 ® vg)(xy) < 
(v4 Q vg) (x) A (v4 & vg) (y). Thus we have, AOB is a picture fuzzy ideal over R. 


IA IA 


4. CONCLUSION 

In the structural theory of picture fuzzy algebraic systems, picture fuzzy sets with special properties 
always play an important role. In this work, we focus on a particular topic related to picture fuzzy algebra, 
which develops picture fuzzy versions of commutative rings. Specifically, we study the theory of fuzzy sets 
and picture fuzzy sets. We introduce the notions of picture fuzzy ideals on commutative rings and some 
properties of them are obtained. Finally, we give suitable definitions of the operations of picture fuzzy ideals 
over a commutative ring, as composition, product and intersection. 
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